On the restriction map in the mod-2 cohomology of groups  by Minh, Pham Anh
JOURNAL OF 
PURE AND 
APPLIED ALGEBRA 
ELseV1ER Journal of Pure and Applied Algebra 102 (1995) 67-73 
On the restriction map in the mod-2 cohomology of groups 
Pham Anh Minh 
Department of Mathematics, University of Hue, Dai Hoc Tong Hop, Hue, Viet Nam 
Communicated byJ.D. Stasheff; received 18 December 1992; revised 30 April 1993 
Abstract 
Marx (1990) has proved that the kernel of the restriction map from H*(G,Zz) to all proper 
subgroups is of nilpotence degree 2, provided that G is a 2-group generated by two elements, or 
the Frattini subgroup of G is central and is not elementary abelian. We prove that this fact also 
holds for 3-generator 2-groups G satisfying one of the following conditions: (i) 1 GI I 26; (ii) the 
Frattini subgroup of G is central; (iii) G is an extension of either an abelian group, or Ds x C2, 
or QsxC,. 
0. Introduction 
Let G be a 2-group. Let us denote by H*(G) the mod-2 cohomology of G and by 
Rest the restriction map from H*(G) to all proper subgroups of G. The purpose of this 
work is to investigate the nilpotence degree of the ideal Ker ResG. 
To simplify the statement of our results, through this paper, we use the following 
Assumption. G is a 2-group which is not elementary abelian. 
For convenience, we denote by n(G) the nilpotence degree of Ker Rest and by m(G) 
the minimal number m such that there exist non-zero cohomology classes x1, . . . ,x, of 
degree 1 of H*(G) satisfying l-I;= 1 xi = 0 in H”(G). We also denote by J& the set of all 
maximal subgroups of G, and by d(G) the minimal number of generators of G, i.e., 
d(G) = dim H’(G) = dim G/@(G) with CD(G) the Frattini subgroup of G. 
Following Quillen and Venkov [S] and Serre [lo], m(G) is finite. It is obvious that 
m(G) is decreasing on quotients, i.e. m(G) I m( G/K) for K normal in G. It turns out 
that n(G) I m(G). Furthermore, n(G) I 2 in several cases, including the abelian 
2-groups (not elementary abelian), the extra-special 2-groups [7], the groups of order 
24 [6] and the metacyclic 2-groups [9]. Recently, Marx [4] proved that this inequality 
also holds for 2-generator 2-groups and for groups whose Frattini subgroup is central 
and not elementary abelian. 
In this paper, we prove 
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Theorem A. The following assertions are equivalent: 
(a) m(G) = 2; 
(b) The restriction map Resr : H1 (G) - H1 (K) is not surjective, for some K E ~2~; 
(c) The transfer map tI : H l(K)-+ H’(G) is not the zero map, for some K E Jll,; 
(d) d(K) 2 d(G), for some K E A& 
Hence, if G satisjes one of the above conditions, then n(G) I 2. 
From this, we obtain another proof of Marx’s results in [4]. Furthermore, we get 
Theorem B. For d(G) = 3, n(G) s 2 provided that one of the following conditions is 
satisjied: 
(a) IGI I 26; 
(b) @(G) is central; 
(c) G is an extension of either an abelian group, or D8 x CZ, or Qs x CZ. 
During the revision of this paper, I learned that Arvunin and Carlson [ 1) and Inoue 
and Kono [3] have also studied the nilpotence degree of elements of H*( G). Accord- 
ing to their results, for every integer k, there exists a 2-group Gk such that H*(Gk) has 
elements of nilpotence degree k + 1 and all smaller degrees; however, it turns out that, 
m( Gk) = 2, hence n( G,) = 2. 
1. Proof of Theorem A 
For every K E Jklr;, write K = Ker X, with 0 # x E H’(G). We have the following 
exact sequence 
. ..zH”(G)?+ H”(K)-f;H”(G)< H”+l(G)-+ . . . (1.1) 
with .x: H*(G)- H *+‘(G) the map defined by .x(y) = y.x, y E H*(G). 
This sequence has been known as the Gysin sequence of the O-sphere bundle 
BK- BG. Here is a direct consequence of it, which was observed by Quillen and 
Venkov [a] and Marx [4]. 
Proposition 1.1. Ker ResG = n ,, f-xeH1(Gj(~), with (x) the ideal generated by x. Hence 
n(G) I m(G). 
We now prove Theorem A, using the exact sequence (1.1). Note that for every 
K E A& we always have d(K) = dim(K/@(K)) 2 dim(K/@(G)) = d(G) - 1. 
Proof of Theorem A. From the exact sequence (l.l), the implications 
(b) o (c), (c) =E. (a) are trivial. We prove (a) =S (c) and (b) o (d). 
(a) * (c): let a, v be non-zero elements of H’(G) such that u.v = 0 and 
K = Ker u E J$. From the exact sequence (l.l), we have v E Im tl, so tl is not the zero 
map. 
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(b)o(d):letO #u~H’(G)suchthatK = KeruE&!c.ThenKerResr(K,G)=(u), 
so d(G) - 1 = dim(H’(G)/Ker Res,) = dim Im Resl I d(K). The fact that Resl is not 
surjective is equivalent o d(G) I d(K). 
Finally, if G is satisfies one of these conditions, by Proposition 1.1, we have 
n(G) I m(G). The theorem is proved. 0 
As a corollary of Theorem A, we have 
Corollary 1.2 (Marx [4]). ZfG is a 2-generator 2-group (not elementary abelian), then 
n(G) I 2. 
Proof. By Theorem A, we have only to consider the 2-generator 2-groups G such that 
d(K) = d(G) - 1 = 1 for every K E J6tG, i.e. K is cyclic. By [ll, IV 4.11, G is either 
abelian or isomorphic to one of the groups M Z”,SZ”,DZ”,QZ”. Each of these groups, 
except Qs, contains a 2-generator maximal subgroup. The fact that n(Qs) = 2 can be 
checked by an easy verification. The corollary follows. 0 
We also have 
Proposition 1.3. Zf G is a 2-group with G’ (the commutator subgroup of G) properly 
contained in Q(G), then n(G) I m(G) = 2. 
Proof. G/G’ is abelian but not elementary, hence m(G) I m(G/G’) = 2. 0 
From this, we get 
Corollary 1.4 (Marx [4]). Zf @(G) is central and not elementary ubelian, then 
n(G) 5 m(G) = 2. 
Proof. For a, b E G, we have [a, b]* = [a*, b] = 1. Hence G’ is elementary abelian and 
so G’ # G(G). By Proposition 1.3, the corollary follows. 0 
2. Proof of Theorem B 
Following Hall and Senior [2], every 3-generator (not abelian) G of order 24 is 
D8 x Cz, Qs x C2 or D8 * C4 (the central product of D8 and C,). These groups are 
extra-special. It follows from [S, Theorem 5.101 that Ker Rest = 0, so n(G) = 1. 
Furthermore, we have 
Lemma 2.1. Zf G is a 3-generator group of order 24, then m(G) = 2, except for 
G = Q8 x C2 or D, * C4. Hence, ifG # Qs x C2 and D8 * C4, and Z is an extension of G, 
then m(Z) = 2. 
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Proof. The proof is trivial by noting that m(Ds) = 2. 0 
The following is straightforward from [2], Theorem A and Corollary 1.4. 
Lemma 2.2. Let G be a 3-generator 2-group which is an extension of D8 * C4 or 
Qs x Cz. If IGI I 26 and m(G) > 2, then @(G) is central and elementary abelian. 
It should be noted that the above fact can be generalized in [S] as follows: if G is an 
n-generator 2-group with m(G) > 2 and 1 Q(G) 1 I 23, then Q(G) is central and elemen- 
tary abelian. 
Lemma 2.3. Let G be an extension of K and n an integer with I K I -c 2” < I GI. Then 
there exists a quotient of G of order 2” which is an extension of K. 
Proof. We reduce to the case 1 GI = 2”+ ‘. Write K = G/Z with Z normal in G. Let Z’ 
be a subgroup of Z of order 2 which is also normal in G. Then IG/Z’l = 2” and 
(G/Z’)/(Z/Z’) E K. The lemma follows. lJ 
Lemma 2.4. Let G be a 3-generator 2-group. Then m(G) = 2, provided that one of the 
following conditions is satisfied: 
(a) G is an extension of Qs x Cz and /Gj 2 26; 
(b) G is an extension of D8 * C4, IGI 2 27 and Q(G) is central. 
Proof. (a) By Lemma 2.3, we reduce to the case I GI = 26. Assume that m(G) > 2. 
Then it follows from Lemma 2.2 that Q(G) is elementary abelian. Set V = G/@(G). We 
have the central extension 
O-Z:-G-V-O 
with factor set z = (z1,zz,z3)~H2(V,Z~). We can choose a base {u,v,w} of H’(V) 
such that z1 = u2 + a2 + uu, z2 = f2 + uw, zs = g2 + VW with f,g E H’(V). 
Since m(G) > 2, every linear combination of {zr ,z2,z3) is indecomposable (i.e. not 
of form h.k with h,kgH’(V)). Hence, we have f~(u+v+w,v+w), gE 
{u+v+w,u+w} and f+g#(O, u,v,w,u+v}. So (f,g)=(u+v+w,u+w) or 
(f,g) = (v + w,u + v + w). This contradicts the fact that f + g$ {O,u, v, w,u + v}. 
(a) is then proved. 
(b) By Lemma ‘2.3 and Corollary 1.4, we suppose that JGI = 27 and Q(G) is 
elementary abelian. With the argument used in the proof of (a), we can choose a base 
{x, y, z} of H1 (V) such that the factor set of the central extension 
O-Z;----+G-+V-0 
is z =(z1,z2,z3,zq) in which z1 =x2 + yz, z2 =f2 +yxy, zz =g2 +6yz, with 
f,geH’(V) and ?,6~Zz. If y # 0 and 6 #O then zq = h2 mod(zl,z2,zJ), with 
h E H1( V). (b) is then proved. 0 
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We now consider 3-generator 2-groups G of order 25 with m(G) > 2. Set 
V = G/@(G). By Lemma 2.2, we have the central extension 
O-+Z;--+G-V-1 
with factor set z = (Zi ,Zz)(Zi E H2( I’)). There exists then a base {x, y,z} of H’(V) 
such that z1 =f2 + xy, z2 = g2 + z(yx + 6~) with f,g E H’(V) and y,6 E Z2. Since 
m(G) > 2, z1 and z2 are indecomposable, so it cannot be that both y and 6 are zero. Set 
K = Ker(yx + 6~). K is then the central extension 1 + Z$ + K + K/@(G) --t 1 with 
factor set (f’ + y6x2,g2). So K g C4 x Cd. We have then 
Lemma 2.5. Let G be a 3-generator 2-group of order 25 with m(G) > 2. With the 
notation as above, there exists K E A?o ofform C4 x Cq, with K = Kerx, or Kery, or 
Ker(x + y). 
For convenience, we denote by XIK the restriction of the cohomology class X of 
H*(G) to H*(K). We have 
Lemma 2.6. Let G be a 3-generator 2-group of order 2s with m(G) > 2, then n(G) = 2. 
Proof. Set {a, b, c} = {x, y, x + y } and K E J& of form C4 x C4 with K = Ker a. Let 
X, Y E Ker Rest. From the exact sequence (l.l), X = X’.b and Y = Y’.c for 
X’, Y’ E H*(G). So 0 = X’lK.blK = Y’IK.cIK. Since a = b + c, we have blK = cIK # 0, 
hence X’lK E (b(& Y’lK E (bl,). So X’. Y’lK E (blK)2 = 0 in H*(K). From the exact 
sequence (l.l), X’. Y’ E (a). We have then X. Y E (a.b.c) = (xy(x + y)) = (Sq’(z,)) = 
0 in H*(G). The lemma follows. 0 
From now on, we assume that G is an extension of D8 * C4 of order 26 and 
m(G) > 2. From [a], such a group G is uniquely determined. G is just the group 64r,d. 
Set Z = Q(G) g Z: and V = G/Z 1 C:. Let {u, v, w} be a fixed base of Z. We can 
choose a base {x, y, z} of H1 ( V) such that the factor set z = (zl, z2, z3) of the central 
extension 
0 0-Z-G-V-l 
is z1 = z2 + xy, z2 = x2 + y2 + yz + xy, z3 = y2 + xy + zx. By Theorem A and by 
noting that H3(V) c (z1,z2,z3,Sq1z1,Sq1z2,Sq1z3), we have 
Lemma 2.7. 
(a) No non-zero linear combination of zl, z2, z3 is decomposable; 
(b) KerInf(H3(V) -H3(G)) = H3(V), so m(G) = 3. 
Let K E Ao and consider the central extension 
(K) O-Z---+K--+C;---+l. 
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Let {E,(-)} be the Hochschild-Serre spectral sequence for the extension (-) and 
F’H*(-) the Hochschild-Serre filtration on H*(-). We have 
Lemma 2.8. IfX E F’H*(K), then X = 0 if i 2 3. 
Proof. We can choose a base {x’, y’} of H’(K/Z) such that the factor set for the 
extension (K) is (x”, y”, x’ y'). Consider the Hochschild-Serre spectral sequence 
{E,(K)). We have &(u) = x 2, d,(u) = y2, d,(w) = xy. Since Sq’(x2) = Sq’(y’) = 
Sq’(xy) = Omod(x2,y2,xy), we get 
E,(K) = E,(K) = Zz[x’,y’]/(x’2,y’2,x’y’) 0 Z,[u2,u2,w2] 
63 (x’ 0 w + y’ 0 4y’ 63 w + x’ 8 u), 
with (x’ @ w + y’ 0 u, y’ @ w + x’ @ u) the free module over Z2 [x’, y’] @ Z2[u2, 
u2, w2]/Imd2 generated by x’ @ w + y’ @ u and y’ 0 w + x’ @ u. Since x” = 
yf2 = x’ y’ = 0 in E,(K), X H 0 in E,(K). The lemma follows. 0 
For every element U of H*(G), we denote by dF( U) the maximal number d such 
that U E FdH*(G). Let H be the free module over Z2 [x, y, z] @ Z2 [u’, u2, w”] gener- 
ated by { 1, uu, uw, VW, uuw}, so H c E,(G). 
From the exact sequence (l.l), if U E Ker Rest, then U contains any non-zero 
element f of H’(V) as a factor: U = f. U, E H*(G). We have 
Lemma 2.9. Let U =f. U, E Ker Rest with 0 #f~ H’(G). Then dF(Uf) 2 1. Further- 
more, if dF( U,) = 1, then dF( U,) = 1 for every 0 # g E H’(G). 
Proof. Let g be an element of H1 (G) with { f, g } linearly independent. Set K = Ker g. 
Then f.U,lK = 0. From the structure of E,(K), it follows that UflK$Z2[u2,u2,w2]. 
So dF(Uf) 2 1. 
If dF( U,) = 1, it follows from Lemma 2.7(a) that [f. U,] $ Im d2 in E2 (G). So [f. U,] 
is a non-zero element of E$ *(G). Th’ is means that dF( U) = 2. Hence dF( U,) = 1, for 
every 0 # g E H’(G). The lemma follows. 0 
Lemma 2.10. Let U = z.U,~KerRes~. lfdF(Uz) = 1, then [U,] EH in E2(G). 
Proof. Assume that [U,] =a~~,.u+b~f,.u+c~~,.wmodH with a,b,cE 
H’(V), _L.L,fW E z2cu 2, u2, w2]. We prove that a = b = c = 0. If a # 0, by Lemma 
2.9, dF(U,) = 1. Write [U,] = a’@f:.u + b’@fL.u + c’Of,,.wmodH with a’,b’,c’ 
E H’(V). Since U = z.U, = a.Uo, we have (za @fy + aa’@fk).u + (zb S& + 
ab’@f~).u+(zc@&,+ac’@f~).w~Imd2. Hence za+aakImd2. By Lemma 
2.7(a), we get a’ = z. So 0 = d2 [ U,] = z.zl @fl + b’.zz @f: + c’.zJ Of;. This con- 
tradicts the fact that z.zl contains the term z3, while b’.zl and c’.z3 do not. So a = 0. 
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We have 0 = &[U,] = b.zz C3.f” + c.z3 @fw. If b # 0, it implies that c # 0, fv =fw 
and b.zz + c.z3 = 0; so z2 (resp. z3) contains c (resp. b) as a factor, which contradicts 
Lemma 2.7(a). Hence b = c = 0. The lemma follows. 0 
The following is evident from Lemma 2.8 and 2.10, and the structure of E,(K), for 
KEA& 
Lemma 2.11. Let U = z.U,, V = z.V, be elements of KerResc. Then U,.V, E 
Ker Rest . 
The proof of Theorem B is completed by the following 
Lemma 2.12. n(G) = 2. 
Proof. Let U = z. U,, I/ = z. I’, be elements of Ker Rest. From Lemma 211, U,. V, 
contains z as a factor. So U. I/ contains z3 as a factor. The lemma follows from Lemma 
2.7(b). 0 
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